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Abstract

If aset S C V has at least two members and every pair of vertices u
and v is such that (d(u),d(v)) = 1, then it is said to be a relatively
prime dominating set. The relatively prime domination number, rep-
resented by 7,,q4(G), is the lowest cardinality of a relatively prime
dominating set. The switching of a finite undirected graph by a sub-
set is defined as the graph G°(V, E’), which is obtained from G by
removing all edges between ¢ and its complement I — ¢ and adding
as edges all non-edges between o and V' — o. In this paper, we com-
pute the relatively prime domination number of vertex switching of
cycle type graphs like David Star Graph, Helm Graph, Friendship
Graph and Book Graph .
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1 Introduction

In the realm of graph theory, a finite undirected graph without loops and mul-
tiple edges is typically denoted as G = (V, E), where G’s order and size are
represented by the symbols |V'|(p) and |E|(q), respectively. This foundational ter-
minology is commonly cited in literature, with references to Harary[2] for graph
theoretical concepts and Haynes [3] for domination-related terminology.

One fundamental concept in graph theory is the notion of domination sets. In
a subset V' — S of vertices V/, each vertex is considered adjacent to at least one
vertex in set S if S functions as a dominating set in graph G. The smallest car-
dinality of such a dominating set in G is referred to as the domination number,
denoted as v(G). This concept traces its origins to the works of Berge [2] and Ore
[9], paving the way for a plethora of other domination-related graph metrics.

In our study, we consider nontrivial graphs and introduce the concept of rela-
tively prime dominating sets. Specifically, if a set S is dominant, and every pair of
its vertices u and v share a greatest common divisor of 1 (i.e) ((d(u),d(v)) = 1),
then the set is termed relatively prime. The corresponding parameter, denoted as
Yrpa(G) [5], represents the minimum cardinality of a relatively prime dominating
set. Furthermore, our previous research [6, 7] introduced the notion of a substan-
tially prime dominating polynomial.

Building on this foundation, we delve into the concept of switching in graphs,
originally introduced by Lint and Sidel [8]. By switching vertices within the
graph, we obtain a transformed graph G°(V, E'), where edges between o and
its complement V' — ¢ are removed, and all non-edges between o and V' — o are
added. This transformation, often referred to as vertex switching when ¢ = v and
G" is used in place of GG[4], plays a crucial role in our investigation.

In this paper, we venture into a novel direction by introducing the concept of
relatively prime dominating sets (RPDS) in nontrivial graphs. The idea of RPDS
emerges from the observation that in some scenarios, it is desirable for the ver-
tices in a dominating set to be relatively prime with respect to their degrees. This
concept not only enriches our understanding of domination in graphs but also has
intriguing implications in various practical scenarios, such as resource allocation
in networks.

Furthermore, our prior research introduced the substantially prime dominating

polynomial, which offers an interesting connection between algebraic and com-
binatorial aspects of domination. This polynomial provides a powerful tool for
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analyzing the structure of dominating sets in graphs.

In the following sections of this paper, we narrow our focus to a specific class
of graphs, the cycle-type graphs, which include well-known examples such as the
David Star Graph, Helm Graph, Friendship Graph, and Book Graph. By study-
ing these cycle-type graphs, we aim to uncover patterns and properties related to
relatively prime domination numbers resulting from vertex switching. Our pri-
mary objective is to provide a comprehensive understanding of how the interplay
of vertices and the unique characteristics of these graphs affect domination, shed-
ding light on the broader implications of our findings.

2 Definition and examples

Definition 2.1. For a finite undirected graph G(V, E) and v € V, the vertex switch-
ing of G by v is the graph G° which is obtained from G by removing all edges
incident to v and adding edges which are not adjacent to v.

Example 2.1. The graphs Cs and C¥ are given in figures 2. 1 and 2. 2, respec-
tively. Clearly, {u,z} is a minimal relatively prime dominating set of C¥ and
hence ~,,q(C?) = 2.

v

Y x T

Example 2.2. Consider the graph G given in figure 2. 3. The graph G** is given in
figure 2. 4. Clearly, {vy,va,v4} is a dominating set of G**. Also (d(vy),d(ve)) =
(3,1)=1; (d(v1),d(vs)) = (3, 2) = 1 and (d(v2),d(v4)) = (1, 2) = 1. By definition,
{v1,v9,v4} is a relatively prime dominating set of G". Also {vy,vq,v4} is a
minimal dominating set with this property and hence v,,4(G") = 3. But v(G*"")
= 2, since {vs, v} is the minimal dominating set.
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U1 (%]
V1 Ug
2 V3 U4 Vs Vs U7 Uy U3 U4 Vs Vg (Ve
Fig2.3.G Fig.2.4.G"

Definition 2.2. [10] Let G = (V, E)) be a graph and let z, y, z be three variables
taking values + or -. The transformation graph G*¥* is the graph having V' (G) U
E(QG) as the vertex set, and for v, 5 € V(G)UE(G), o and §3 are adjacent in G*Y*
if and only if one of the following holds:

(i) For a, 8 € V(G), a and f are adjacent in G if z = + ; o and (3 are not
adjacentin Gif v = —.

(ii) For a, 8 € E(G), a and B are adjacent in G if y = + ; o and (3 are not
adjacentin G if y = —.

(iii) For a € V(G), B € E(GQ), a and f3 are incident in G if z = + ; o and 3 are
not incident in G if z = —.

Thus, we may obtain eight kinds of transformation graphs, in which Gt is the
total graph of G, and G~~~ is its complement. Also, G~~+,G~"~ and G~ are
the complements of G, G*~" and G~ respectively.

Example 2.3. The graph G = Cy and G~~~ are given in figure 2. 5.

U1 €1 V9
€2 €4
V4q €3 U3

G =0,

Fig.2.5

Definition 2.3. By adding a pendent edge at each node of the cycle, the wheel
graph can be converted into the Helm graph H,,.
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Definition 2.4. By combining n duplicates of the cycle graph Cs with a common
vertex, the friendship graph F,, can be created.

Definition 2.5. The Cartesian product of a star and a single edge is the book
graph B,,. The definition of the m—book graph is the graph Cartesian product
Sma1 times P, where S,, + 1 is a star graph and P, is a path graph on two
vertices.

Theorem 2.1. [5] v,,4(G) = 0 if a graph G has an isolated vertex and each
dominating set contains at least one vertex with degree > 1.

Result 2.1. [5]For any graph G with more than one isolated vertex, 7,,q(G)= 0.

Theorem 2.2. [5]For a complete bipartite graph Ky, ,,, Vrpa( Ko, )= 2 if and only
if (m,n) =1.

2ifandonlyif (m—1,n—-1)=1

Theorem 2.3. [5] v,pa( K, U K,,) = .
0 otherwise

Theorem 2.4. [5]If G = nK, U K, then v,,4(G) = n + 1.

Notation : We use the symbols d(u) and d’'(u) to denote the degree of a vertex u
in G and G, respectively.

3 Main Results

Theorem 3.1. Let G be the David Star graph and let v be any vertex of G. Then,

o J3ifdw) =4
VT”d(G)_{oz'fd(v)zz

Proof. Label the vertices of G having degree 2 as vy, vs, ..., v1; and degree 4 as
V9,V4y ..., V12 such that V9;jV2j542, V2V12, V;Uiy1 and V1V12 are CdgCS in G, 1 S j S
5,1 <14 < 11. The graph G is given in figure 3.1.
Case 1. dg(v) =2

In this case vis v;, i = 2n + 1,0 < n < 5. Clearly, G = G» = ... =2 G".
Let v be v1. The graph G** is given in figure 3.2. In GG, v is adjacent to v, and vys.
This implies v; is adjacent to all the vertices except v, and vy in G**. Also vy and
v1o are adjacent. Hence either {vy, vo} or {vy, v12} is a minimal dominating set of
G and d'(v1) =9, d'(vy) =3 and d'(v12) = 3. Now, (d'(v1),d (v2)) =(9,3) =3
and (d'(vy1),d (vi2)) = (9, 3) = 3. This implies that, neither {v, vo} nor {vy, vio}
is a minimal relativly prime dominating set of G** and hence 7,,4(G"") is either
0 or greater than 2. Any dominating set that has more than two vertices either
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has two vertices with degrees 3 and 9 or at least a pair of vertices of the same
degree, making it a non-relatively prime dominating set. Hence, 7,,4(G"") = 0.

U1
v
V11 12/\“2 U3
U10 (7
(% Vs
Vg U6
v7

Fig.3.2. G"

Case 2. dg(v) =4

Herevisv;, 7 = 2n+2,0 <n <5. Clearly, G*2 =2 G™ = ... =2 G"2. Let v be
vy. The graph G*2 is given in figure 3.3. In GG, v, is adjacent to vy, v3, v4 and vy
only and hence v, is adjacent to all vertices except vy, v3, v4 and vi5 in G2, Also vy
is adjacent to v12 and v3 is adjacent to v4. Therefore, {v;, v9, v3} is a minimal dom-
inating set of G*2. Clearly, d'(v1) = d'(v3) = 1, d'(v2) =7 and (d'(vy), d (v9)) =
(d'(vq),d'(vs3)) = (d'(v1),d (vg)) = 1. This implies that, {vy,ve,v3} is a minimal
relatively prime dominating set of G*> and thereby ~,,4(G"?) = 3.

The theorem follows from cases 1 and 2. ]
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Fig.3.3. G

Theorem 3.2. For the helm graph H,,

2if visanendvertex of H, and2n # 3r + 1,5r + 1
Yrpa(HY) = wherer > 1isodd andn # 3r —1,r > 1

0 otherwise

Proof. Let u be centre and vy, v, ..., v, be vertices of the outer cycle of H,,. Let
u; be the vertex attached with v;, 1 < ¢ < n. The resultant graph G is H, with
V(G) = {u,v;,u;/1 <i,j <n}and E(G) = {uv;, uvy, 0;vit1, V10, VUi, U/
1 <i < n—1}. We consider three cases.
Case 1. v is the central vertex of H,,

Here v is u. The graph H, ios given in figure3 3.4 and the graph H}'.

uy uz
V1 U2
() U3
2! us
Fig.3.4. H,

In H,,, vis adjacent to v;, 1 < ¢ < n and non-adjacent to u;, 1 <7 < n. Hence
u is adjacent to u; and non-adjacent to v; in H*, 1 < i < n. Clearly, d'(u) = n,
d'(u;) =2, d(v;) =3,1 < i < n. Now, if n is odd, then {u, v, v3,...,v, 2}
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is a minimal dominating set of H" and if n is even, then {u, vy, vs, ..., 1} iS
a minimal dominating set of ). Clearly, the minimal dominating sets contain
at least two vertices having equal degrees. Hence neither {u, v, vy, ..., v, 2} nor
{u,v1,v4,...,0,_1} is a minimal relatively prime dominating set of H". Hence
Yrpa(Hy) =0.

Case 2. v is a vertex of the outer cycle of H,,

In this case v is v;, 1< ¢ < n. Now H is a disconnected graph with the iso-
lated vertex u; and all other vertices have degree > 1. By Theorem 2.9, v,,a(H")
=0.

Case 3. v is an end vertex of H,,
Here v is u;, 1 <i < n. Let v be u;. The graph H;" is given in figure 3.6.

U1 u
U1
V2
u
(] U3
Uy us
Fig.3.6.]-]f1

In H,,u, is adjacent to v; and hence w4 is adjacent to all vertices except v; in
H!'. Therefore, {u,v;} is a minimal dominating set of H"'*. Also v; is adjacent
to u, vy and v, in H*'. Hence {uy,u}, {ui,vo} and {uy,v,} are also a minimal
dominating sets of H*. Clearly, d'(u;) = 2n—1,d'(v1) =3, d'(u) = n+1, d'(v;)
=5,2<i<n,d(u;) = 2,2 <i<n. Therefore, (d'(u1),d (v1)) = (2n—1,3) =
1 if 2n — 1 # 3r. This implies that 2n # 3r + 1. Since 2n is even, 7 must be odd.
Therefore, (2n — 1,3) = 1if 2n # 3r + 1 where > 1 is odd. This implies that
{uy,v1} is a minimal relatively prime dominating set of H** and hence ,,q(H"*)
=2when 2n # 3r+1and r > 1 is odd. Also, (d'(uy),d'(v2)) = (d'(u1),d (vy,)) =
(2n —1,5) = 1if 2n — 1 # 5r. This implies that 2n # 5r 4+ 1 . Since 2n is even,
r must be odd. Therefore, (2n — 1,5) = 1 if 2n # 5r + 1 where » > 1 is odd.
This implies that {u;,v2} and {u;,v,} are minimal relatively prime dominating
sets of H"* and hence 7,,q(H"') =2 when 2n # 5r + 1 and r > 1 is odd. Now
(d'(u1),d(u)) = (2n—1,n+1)=1if n # 3r — 1,r > 1. Therefore, {u;,u} is
a minimal relatively prime dominating set of H* if n # 3r — 1 and s0 7, pq(H*)
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=2.
The theorem follows from cases 1, 2 and 3. O

Theorem 3.3. Let G = P} and v be an end vertex of Py, then 7,,a(G") =2.

Proof. Let vyvs...v,, be the path P,,,, m > 2 and let e; = v;vi + 1 be the edges of
P,,1 <i<m-—1. Then V(P}™*) = {vy,va, ..., 0m, €1, €2, ..., €,_1 } and hence
G has 2m — 1 vertices. We consider two cases.
Casel.m =2

In this case v is either v; or v9 and G is K3. Clearly, G* = K; U K, where K;
is v. Clearly {v, e; } is a minimal relatively prime dominating set of G* and hence
by Theorem 2. 12, 7,,4(G")= 2.
Case2.m >3

Here v is either vy or v,,. Without loss of generality, let v be v;. In G, v; is
adjacent to vy and e; and hence v; is non-adjacent to v, and e; in G*. Also v,
is adjacent to e; in G*. Therefore, {v;,v5} is a minimal dominating set of G".
In G*, d'(v1) = 2m — 4 = 2(m — 2) is even and d'(ve) = 3 is odd and hence
(d'(vq),d'(vg)) = 1. Thus {vq, v2} is a minimal relatively prime dominating set of
G" and hence v,,4(G") = 2. O

Fig.3.7.G" where G = P+

Theorem 3.4. Let G be a friendship graph F), and let v be any vertex of G. Then,

; n+ 1if visthe central vertex of F,
Vrpa(Fy) =

| 2 otherwise

Proof. Let v, v;2,v;3 be the vertices of i copy of cycle (5. Identify the ver-
tices v;3,1 < ¢ < n and denote it by u. The resultant graph G is the friend-
ship graph F;, with vertex set V(F,,) = {vi1,vi2,u/1 < i < n} and edge set
E(G) = {U?)il,UUiQ,Uil'Uig/l < 1 < n} Clearly, d(U“) = d(viQ) = 2, 1 < 1 <n
and d(u) = 2n. The graphs Fy, F,** and F}* are given in figures 3.8, 3.9 and 3.10
respectively.
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Case 1. v is the central vertex of F,,

Here v is uw and F' = nK, U K;. By Theorem 2. 13, v,,4(F*)=n+ 1.
Case 2. v is not the central vertex of F;,

Here v is v;;,1 < i < n,j7 = 1,2. Let v be v1;. In F),, vy; is adjacent to
both v and v and hence vy, 1s adjacent to every vertices except vy and v in F/11.
Since u and vy are adjacent in F''*, {u, vy, } is a minimal dominating set of F\''.
Clearly, d'(u) = 2n—1,d'(vy;) = 2n—2and (d'(u), d' (v11)) = (2n—1,2n—2) =
1. Thus {u,vy;} is a minimal relatively prime dominating set of F''* and hence
Yrpa(F7))= 2.

The theorem follows from cases 1 and 2. L]

V11 V12
U492 U21
U141 V22
U32 V31

Vg9 U3l V32 V41 V42

Fig.3.9.F/

U
(@]
V49 V11
L‘ﬂ \012
U32
\Ugl é/
Fig.3.10.F}

Theorem 3.5. Let G be the book graph B,,, m > 2 and v be any vertex of G.
(i) If d(v) = 2 and m = 3(mod 5), then ,,4(G")= 3.
(ii) If d(v) = 2 and m # 3(mod 5), then ~,pq(G")= 2
(iii) If d(v) = m, then ~,pq(G") = m.
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Proof. Let vy, vy, ...,V and g, Uy, ..., U, be the two copies of star K, with
central vertices vy and ug respectively. Join u; with v; for all 7,1 < 7 < m. The
resultant graph G is B,, with vertex set V(G) = {vg, ug,v;,u;/1 < 1 < m}
and edge set E(G) = {uovo, u;v;, vov;, upu;/1 < i < m}. Then G has 2m + 2
vertices, 3m + 1 edges, d(v) = 2 if v € {u;,v;/1 < i < m} and d(v) = m if
v € {ug, vo}. The graphs G = Bg, G** and G are given in figures 3.11, 3.12 and
3.13 respectively.

Case 1. d(v) =2

In this case v is either v; or u;, 1 < ¢ < m. Clearly, G¥ = G". Letwv
be v1. In G, vy is adjacent to only vy and u; and hence v is adjacent to all
vertices except u; and vy in G*'. But ug is adjacent to both u; and vy in G**.
Clearly, {vy, uo} is the minimal dominating set of G** and hence v(G"* )= 2. Now,
d'(v1) =2m—1,d'(ug) = m+2and (d'(v1),d (up)) = (2n—1,n+2). If nis even,
then 2m — 1 is odd and so (2m — 1, m + 2) = 1. This implies that ,,;(G"* )= 2. If
n is odd, then both 2n — 1 and n+ 2 are odd. Also 2m —1 > m+2 for m > 3 and
2m —1=m+2form = 3. If m # 3(mod 5) which implies that m = 3+ 5k + ¢
where 1 < ¢ < 4. Thenn+2=5k+1)+cand2n —1 =512k + 1) + 2c.
Since ¢ # 0(mod 5),2¢ # 0(mod 5) and so (2m — 1,m + 2) = 1 and hence
Yrpa(G¥)= 2. Suppose n = 3(mod 5), then (d'(v1),d'(up)) = 2m—1,m+2) =
(2(5r +3) — 1,(5r + 3) + 2) = (10r + 5,57 + 5) = 5# 1. This implies that
{v1,up} is not a relatively prime dominating set of G**. Consider the dominating
set {vy, u1, v} of G** in which d'(v1) = 2m —1,d'(uy) = 1, d'(vy) = m. Clearly,
(d'(uy),d (v1)) = (d'(uw),d (vg)) = (d'(v1),d (vo)) =1 if m = 3(mod 5). This
implies that {vy, u1, v} is @ minimal relatively prime dominating set of G"* and
hence 7,,4(G")=3.

L ) U3 U4 Us Vg U7 U8

\(’%\g%’/ —

/)
\

Uul Ug | U3 | Ug Us |Ug Uy [us

Ugp

Fig.3.11.G = By

351



A. Jancy Vini, C. Jayasekaran

Us \ U6 \U7 \Us

/AR

» ug

Fig.3.12.G"

Case 2. dg(v) =m

Here v is either ug or vy. Clearly, G*° = G"°. A minimal dominating set of
G is {uy,va, ..., v }. Clearly, d’'(u;)=3 and d'(v;) =1, 1 < i < m. This im-
plies that (d'(uy),d (v;)) = 1 and so {uy, v, ..., v, } is a minimal relatively prime
dominating set of G*°. Hence ,,4(G") = m.

The theorem follows from cases 1 and 2. []

U

Fig.3.13. G¥

Conclusion
As aresult, we have demonstrated how to identify the relatively prime domina-
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tion number of vertex switching graphs in this study. Additionally, we determine
the relatively prime domination number for vertex switching in cycle type graphs
such the David Star, Helm, Friendship, and Book graphs.
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